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1. (10%) Let f be a non-decreasing function satisfying 𝑓𝑓(𝑛𝑛) = 8𝑓𝑓(𝑛𝑛 2⁄ ) + 4𝑛𝑛3. Please find the best big-O 

notation for 𝑓𝑓(𝑛𝑛). 
 

𝑶𝑶(𝒏𝒏𝟑𝟑 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏) 
 
 
 

 
2. (20%) How many positive integers less than or equal to 500 are divisible by 5 or 7 or 11? 
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= 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟕𝟕𝟕𝟕 + 𝟒𝟒𝟒𝟒 − 𝟏𝟏𝟏𝟏 − 𝟗𝟗 − 𝟔𝟔 + 𝟏𝟏 = 𝟏𝟏𝟏𝟏𝟏𝟏 
 
 
 
3. (30%) Let 𝑎𝑎𝑛𝑛 represents the number of bit strings of length n which contain three consecutive 1s.  

Find 𝑝𝑝0,𝑝𝑝1,𝑝𝑝2, and 𝑝𝑝3 for the recurrence relation 𝑎𝑎𝑛𝑛 = 𝑝𝑝0𝑎𝑎𝑛𝑛−1 + 𝑝𝑝1𝑎𝑎𝑛𝑛−2 + 𝑝𝑝2𝑎𝑎𝑛𝑛−3 + 𝑝𝑝32𝑛𝑛. 
Note: 𝑝𝑝0,𝑝𝑝1,𝑝𝑝2, and 𝑝𝑝3 > 0 

X0 => 𝒂𝒂𝒏𝒏−𝟏𝟏 , X01 => 𝒂𝒂𝒏𝒏−𝟐𝟐 , X011 => 𝒂𝒂𝒏𝒏−𝟑𝟑 ,  
X111 => 𝟐𝟐𝒏𝒏−𝟑𝟑 
for 𝒏𝒏 ≥ 𝟑𝟑,  𝒂𝒂𝒏𝒏 = 𝒂𝒂𝒏𝒏−𝟏𝟏 + 𝒂𝒂𝒏𝒏−𝟐𝟐 + 𝒂𝒂𝒏𝒏−𝟑𝟑 + 𝟐𝟐𝒏𝒏−𝟑𝟑 
 
𝒑𝒑𝟎𝟎 = 𝟏𝟏,𝒑𝒑𝟏𝟏 = 𝟏𝟏,𝒑𝒑𝟐𝟐 = 𝟏𝟏,𝐚𝐚𝐚𝐚𝐚𝐚 𝒑𝒑𝟑𝟑 = 𝟏𝟏/𝟖𝟖 (30%) 
𝒂𝒂𝟎𝟎 = 𝒂𝒂𝟏𝟏 = 𝒂𝒂𝟐𝟐 = 𝟎𝟎 
 

 
 
 



4. (40%) Consider the nonhomogeneous linear recurrence relation 
𝑎𝑎𝑛𝑛 = 3𝑎𝑎𝑛𝑛−1 − 4𝑎𝑎𝑛𝑛−3 + 9(−1)𝑛𝑛. Find all solutions with 𝑎𝑎0 = 2,𝑎𝑎1 = 4,𝑎𝑎2 = 23. 
 
𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒 = 𝟎𝟎 
=> (𝒙𝒙 − 𝟐𝟐)𝟐𝟐(𝒙𝒙 + 𝟏𝟏) = 𝟎𝟎 
=> 𝒙𝒙 = 𝟐𝟐,𝟐𝟐,−𝟏𝟏 
=> 𝒂𝒂𝒏𝒏(𝒉𝒉) = (𝒒𝒒𝟎𝟎 + 𝒒𝒒𝟏𝟏𝒏𝒏)𝟐𝟐𝒏𝒏 + 𝒒𝒒𝟐𝟐(−𝟏𝟏)𝒏𝒏, 

 
𝒂𝒂𝒏𝒏(𝒑𝒑) = 𝒑𝒑𝟎𝟎𝒏𝒏(−𝟏𝟏)𝒏𝒏 
=> 𝒑𝒑𝟎𝟎𝒏𝒏(−𝟏𝟏)𝒏𝒏 = 𝟑𝟑𝒑𝒑𝟎𝟎(𝒏𝒏 − 𝟏𝟏)(−𝟏𝟏)𝒏𝒏−𝟏𝟏 − 𝟒𝟒𝒑𝒑𝟎𝟎(𝒏𝒏 − 𝟑𝟑)(−𝟏𝟏)𝒏𝒏−𝟑𝟑 + 𝟗𝟗(−𝟏𝟏)𝒏𝒏 
=> 𝒑𝒑𝟎𝟎𝒏𝒏 = − 𝟑𝟑𝒑𝒑𝟎𝟎𝒏𝒏 + 𝟑𝟑𝒑𝒑𝟎𝟎 + 𝟒𝟒𝒑𝒑𝟎𝟎𝒏𝒏 − 𝟏𝟏𝟏𝟏𝒑𝒑𝟎𝟎 + 𝟗𝟗 
=> 𝟗𝟗𝒑𝒑𝟎𝟎 = 𝟗𝟗 
=> 𝒑𝒑𝟎𝟎 = 𝟏𝟏 
=> 𝒂𝒂𝒏𝒏(𝒑𝒑) = 𝒏𝒏(−𝟏𝟏)𝒏𝒏 
 
so 𝒂𝒂𝒏𝒏 = 𝒂𝒂𝒏𝒏(𝒉𝒉) + 𝒂𝒂𝒏𝒏(𝒑𝒑) = (𝒒𝒒𝟎𝟎 + 𝒒𝒒𝟏𝟏𝒏𝒏)𝟐𝟐𝒏𝒏 + 𝒒𝒒𝟐𝟐(−𝟏𝟏)𝒏𝒏 + 𝒏𝒏(−𝟏𝟏)𝒏𝒏 = (𝒒𝒒𝟎𝟎 + 𝒒𝒒𝟏𝟏𝒏𝒏)𝟐𝟐𝒏𝒏 + (𝒒𝒒𝟐𝟐 + 𝒏𝒏)(−𝟏𝟏)𝒏𝒏 
 
𝟐𝟐 = 𝒂𝒂𝟎𝟎 = 𝒒𝒒𝟎𝟎 + 𝒒𝒒𝟐𝟐 
𝟒𝟒 = 𝒂𝒂𝟏𝟏 = (𝒒𝒒𝟎𝟎 + 𝒒𝒒𝟏𝟏)𝟐𝟐 − 𝒒𝒒𝟐𝟐 − 𝟏𝟏 
𝟐𝟐𝟐𝟐 = 𝒂𝒂𝟐𝟐 = (𝒒𝒒𝟎𝟎 + 𝟐𝟐𝟐𝟐𝟏𝟏)𝟒𝟒 + 𝒒𝒒𝟐𝟐 + 𝟐𝟐 
 
𝒒𝒒𝟎𝟎 = 𝒒𝒒𝟐𝟐 = 𝟏𝟏 
𝒒𝒒𝟏𝟏 = 𝟐𝟐 
𝒂𝒂𝒏𝒏 = (𝟏𝟏 + 𝟐𝟐𝟐𝟐)𝟐𝟐𝒏𝒏 + (𝟏𝟏 + 𝒏𝒏)(−𝟏𝟏)𝒏𝒏 

 


